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Abstract 

Backward stochastic partial differential equations (BSPDEs) of parabolic type with vari- 
able coefficients are considered in the whole Euclidean space. Improved existence and unique- 
ness results are given in the Sobolev space H n (= under weaker assumptions than those 
used by X. Zhou [Journal of Functional Analysis 103, 275-293 (1992)]. As an application, a 
comparison theorem is obtained. 
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1 Introduction 

In this paper, we consider the Cauchy problem for backward stochastic partial different equations 
(BSPDEs) in divergence form 

dp(t,x) = -{d x i [a ij (t,x)d x3 p(t, x) + a ik (t, x)q k (t,x)] + b i (t,x)d xi p(t,x) 

- c(t, x)p(t, x) + u k (t, x)q k (t, x) + F(t, x)}dt 

+ q k (t, x)dW t k , (i, x) G [0, T] x R d , 
<f>(x), x G R d , 



(1.1) 



p{T,x) 

and in non-divergence form 
dp(t, x) = - 



P(T, x) 



- [a tj (t, x)d 2 x i x] p(t, x) + b\t, x)d xi p(t, x) - c(t, x)p(t, x) 
+ a ih (t,x)d xi q k (t,x) + u k (t,x)q k \t,x) + F(t,x)]dt 
+ q k {t, x)dW t k , (t, x) G [0, T] x R d , 
<p(x), x G 



(1.2) 



t > 



where W = {W t k ;t > 0} is a (fi-dimensional Wiener process generating a natural filtration 
{'^t}t>o- The coefficients a,b,c,a,v and the free term F and the terminal condition are all 
random functions. An adapted solution of equation fll.ip or (jl.2p is a & x i?(IR rf )-measurable 
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function pair (p, q) satisfying equation (jl.ip or (|1.2p under some appropriate sense, where is 
the predictable u-algebra generated by {^t}t>o- 

BSPDEs, a natural extension of backward SDEs (see e.g. [H |T2]), originally arise in the 
optimal control of processes with incomplete information, as adjoint equations (usually in the 
form of of Duncan-Mortensen-Zakai filtration equations (see e.g. [2"j II 1 1 [T ^ 116 1 EI])- in 

[Sj, an adapted version of stochastic Feynman-Kac formula is established involving BSPDEs 
(in the form of (jl.2p ). which has been found useful in mathematical finance. A class of fully 
nonlinear BSPDEs, the so-called backward stochastic Hamilton-Jacobi-Bellman equations, are 
also introduced in the study of controlled non-Mar kovian processes by Peng [13j . For more 
aspects of BSPDEs, we refer to e.g. [H QU QH [LJ] . 

In Zhou [20], A W-f-theory of the Cauchy problem for BSPDEs of type (jl.ip was established 
by the finite-dimensional approximation (Galerkin's method) and a duality analysis on stochastic 
PDEs. Those results are basically complete however not refined due to a strong requirement on 
the coefficients. More specifically, the theory requires the boundedness of the nth-derivatives of 
the coefficients (or even the (n + l)st-derivatives), to reach the regularity that p € H n+1 and 
q € H n with respect to x. Comparing to the counterpart theory of PDEs, we believe that this 
requirement is not natural. 

In this paper, we establish an improved W^-theory of the Cauchy problem for BSPDEs of 
type (jl.ip and (|1.2p . First we refine the existence and uniqueness result first given by Hu- 
Peng [6] concerning backward stochastic evolution equations in Hilbert spaces. Then we use 
it to prove the existence and uniqueness of the weak solution (see Definition I2.ip of equation 
(jl.ip . Following this result, we obtain the the existence, uniqueness and regularity of the strong 
solution (see Definition 12. ip of equation (11. 2D . under much weaker assumptions on the coefficients 
than those used by Zhou [20J, by applying some classical techniques from the theory of PDEs 
instead of duality analysis. Our improvements are natural and substantial. When the equations 
are deterministic, our results coincide with the counterpart theory of PDEs. As an application 
of our results, we prove a comparison theorem for the strong solution of equation (jl.2p . which, 
in some sense, improves the results obtained by Ma-Yong [9]. 

This paper is organized as follows. In Section 2, we present our main results (Theorems 12.11 
12.21 and I2.3p . and prove Theorem 12.31 In Section 3, we discuss backward stochastic evolution 
equations in Hilbert spaces, and then prove Theorem 12.11 In Section 4, we complete the proof 
of Theorem 12.21 Finally in Section 5, we prove a comparison theorem for the strong solution of 
equation (jl.2l) . 

2 Main results 

Let (J7, {^t}t>o, P) be a complete filtered probability space on which is defined a di-dimensional 
Wiener process W = {Wt\t > 0} such that {^t}t>o is the natural filtration generated by W, 
augmented by all the P-null sets in & . Fix a positive number T. Denote by 3? the cr-algebra 
of predictable sets on £1 x (0,T) associated with {^t}t>o- 
For the sake of convenience, we denote 

Di = d x i , Dij = d 2 x i x j , i,j = l,...,d, 
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and for any multi-index a = (qi, . . . , 0.4) 

D a = (d x i) ai {d x 2) a2 ■■■{d xd ) ad , \a\ =ax + --- + a d . 

Moreover, denote by Du and D 2 u respectively the gradient and the Hessian matrix for the 
function u defined on R d . We will also use the summation convention. 

Throughout the paper, by saying that a vector-valued or matrix-valued function belongs to 
a function space (for instance, Du G L 2 (R d )), we mean all the components belong to that space. 

Let n be an integer. Let H n = H n (R d ) (n ^ 0) be the Sobolev space W£(R d ). We denote 

H° = L 2 = H°(R d ) = L 2 (R d ), 

M n = U n (R d ) = L 2 (n x (0,T),^,H n ). 

In addition, denote || • ||„ = || • \\n n - Moreover, for a function u defined on U x (0,T) x R d , we 
denote 

\\\u\f n = E I \\u(t,-)f n dt. 
Jo 

The same notations will be used for vector-valued and matrix-valued functions, and in the case 
we denote \u\ 2 = J2i l u *| 2 an d \u\ 2 = J2ij \ u ^\ 2 i respectively. 

Let us now turn to the notions of solutions to equations (jl.ip and (jl.2p . 

Definition 2.1. A 3? x i?(M d )-measurable function pair (p,q) valued in R x R dl is called 

(i) a weak solution of equation if p E H 1 and q G H°, such that for every r/ £ H 1 (or 
C^(R d )) and almost every (uj, t) £ Q x [0, T], it holds that 

p(t,x)rj(x)dx = [ (f)(x)rj{x)dx + [ [ { Di[a ij (t,x)Djp(t,x) + a ik (t,x)q k (t,x)] 

JR d Jt JR d I 

+ b\t, x)Dip(t, x) - c(t, x)p(t, x) + u k (t, x)q k (t, x) (2.1) 

+ F(t,x)\rj(x)dxdt - [ [ q k {t,x)r]{x)dxdW k ] 
J Jt JR d 

(ii) a strong solution of equation (TO}, if p e M 2 , q e M 1 and p G C([0, T], L 2 (M d )) (a.s.) 
such that for all t G [0, T] and a.e. x G R d , it holds almost surely that 



p(t, x) =4>{x) + / [a lj (t, x)Dijp(t, x) + b l (t, x)Dip(t, x) - c(t, x)p(t, x) 

Jt T (2-2) 

+ a tk (t,x)D iq k (t,x) + u k {t,x)q k (t,x) + F(t,x)]dt - J q k (t,x)dW t k . 

Now fix some constants K G (1, 00) and k G (0, 1). 

Assumption 2.1. The given functions a, 6, c, a, v and i 7 are 2? x £>(IR rf )-measurable with values 
in the set of real symmetric d x d matrices, R d , R, R dxdl , R" 1 , and R, respectively. The real 
function 4> is &t x -B(M d )-measurable. 

Assumption 2.2. We assume the super-parabolic condition, i.e., 

kI + (a ik )(a ik )* < 2(a ij ) < KI, V (u,t,x) G n x [0,T] x M '. 
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Then we have the following result concerning the existence and uniqueness of the weak 
solution of equation (jl.ip . The proof of this theorem will be given in Section 3. 

Theorem 2.1. Let the functions a l i , b l , c, a tk and u k satisfy Assumptions \2.1\ and \2.2\ and be 
bounded by K . Suppose 

Fer 1 , <p G L 2 (S7, L 2 ). 

Then equation (jl.ip has a unique weak solution (p, q) in the space H 1 x H° such that p G 
C([0,T],L 2 ) (a.s.), and 

HI p HI? + HI q +£sup \\p(t, ■)§ < C{ HI F I)) 2 1 +EU\\l), (2.3) 

t<T 

where the constant C = C(K, k,T). 

Remark 2.1. Comparing to the requirement of the boundedness of b % ,c,v k and their first 
derivatives in Zhou [IS], we only need the the boundedness of b l ,c and v k . 

To investigate the (strong) solution of equation (|1.2p . we need, in addition, the following 

Assumption 2.3. There exists a function 7 : [0, 00) — > [0, 00) such that 7 is continuous and 
increasing, 7(7") = if and only if r = 0, and for any (u>, t) G ^ x [0, T] and any x, y G M. d , 

\a(u,t,x) - a(uj,t,y)\ < 7(|x - y\), \a(u,t,x) - a(u,t,y)\ < -y(\x - y\). (2.4) 

Then we have the following theorem, whose proof will be given in Section 4. 

Theorem 2.2. Let Assumptions \2~1\ \2.2\ and \2.3\ be satisfied. Assume that the functions b l ,c 
and v k are bounded by K . Suppose 

FgM , <j> G L 2 (ft, J^r,^ 1 ). 

Then equation (jl.2p has a unique strong solution (p, q) in the space H 2 x H 1 such that p G 
C([0,T],L 2 )nL oo ([0,T],H 1 ) (a.s.), and moreover, 

III P llll + III Q III? +Esup \\p(t, .)\\l < C{ HI F HI 2 +EU\\l), (2.5) 

t<T 

where the constant C depends only on K,k,T and the function 7. 

With the aid of Theorem 12.21 we can obtain the following 

Theorem 2.3. Let Assumptions [Kl\ and \2.2\ be satisfied. Let n be a positive integer. Assume 
that for any multi-index a s.t. \a\ < n, 

esssup (\D a a\ + \D a b\ + \D a c\ + \D a a\ + \D a v\) < K, 

r2x[0,T]xR d (2 g) 

FGM n , cj)£L 2 (n,^ T ,H n+1 ). 
Then equation (jl.2p has a unique strong solution (p, q) such that 

P eu n+2 , gel n+1 , pe C([0,T],H n ) n L°°([0,T],H n+1 ) (a.s.), 
with the estimate 

lib llln+2 + III 9 +Esup \\p(t, -)|| 2 +1 < C( III F HI 2 +£|H| 2 +1 ), (2 . 7) 

t<T y ' 

where the constant C depends only on K, k and T . 



Proof. The first inequality of condition (|4.3p implies Assumption 12.31 In view of Theorem 
12.21 equation (jl.2p has a unique strong solution (p, g) in the space H 2 x H 1 such that p G 
C([0,T],L 2 ) nL oo ([0,T], J H" 1 ) (a.s.), and estimate (f23]) holds true. 
Now we apply induction to prove this theorem. 

Assume that the assertion of Theorem 12.31 holds true for n = m — 1 (m > 1), that is 

p£i m+1 , q£U m , peC([0,T],F ra - 1 )(a.s.), 

and inequality (|2.5p holds for n = m — 1. 

Note that equation (|1.2|) can be rewritten into divergence form like (jl.ip since Da*- 7 and 
L><r* fc are bounded. Therefore, by the integration of parts, it is not hard to show that for any 
multi-index a s.t. |q| = m, the function pair (D a Pl D a q) £ I 1 x 1° satisfies the following 
equation (in the sense of Definition 12.11 (i)) 



du = - (a i W lj u + a ik D iV k + F)dt + v k dW t k , 
u(T,x) = D a (f){x), xeR d , 



(2.8 



with the unknown functions u and v. Here (led = m) 



F = D a F + {D-<p x > xJ ) + (DV) {priqj)} 

|i8|+|7|=|o|,|/9|>l 

+ £ [(Z^) (^) - (M:) (irrp) + (ijryg)] . 

I/3|+M=|a| 

From our assumption for n = m — 1 and condition (|2.6p . we see that F G H°. Moreover, from 
estimate (|2.5p for n = m — 1, we obtain that (|a| = m) 

\\\F\\\l < C(k,K,T) ( HI D a F |||q + HI p ||| 2 n+1 + I g \\\ 2 m ) 
< C(k,K,T) (|||F|||^+||0|P. 

Then applying Theorem 12.21 to equation (|2.8p . we obtain that (D a p, D a q) € H 2 x H , and 
£> a p G C([0,T],L 2 ) nL^dCT],^ 1 ) (a.s.), and moveover (recall \a\ = m) 



\\\D a p \\\l + HI D a q HI 2 +-E sup p>(t, -)|| 2 < C( HI F \\\ 2 m +E\\4>\\ 2 m+l ) . 

t<T 

The proof is complete. □ 

Remark 2.2. Theorems 12.21 and 12.31 improve the results obtained by Zhou [20] in two aspects. 
The first is that we reach p G U n+2 ,q G M n+1 (n > 0) only requiring the boundedness of the 
nth-order derivatives of the coefficients. This requirement is much weaker than that in |20j . 



The second is that the theorems provide the estimates for the terms Esup t<T \\p(t, -)|ln+i rather 
than the terms sup t<T E\\p(t, -)|ln+i as m [20] • 

Remark 2.3. In the case of n — d/2 > 2, the function pair (p, q) satisfies equation (jl.2p for all 
(t,x) G [0, T] x M. d and w£ll' s.t. P(O') = 1, which is a classical solution of equation (|3.ip (see 
e.g. 1). 

Remark 2.4. In this paper, all constants denoted by C are independent of d%, which allows 
us to extend our results (Theorems 12.11 12.21 and 12. 3p to the more general case of equation (|3.ip 
which is driven by a Hilbert-space valued Wiener process. 
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3 Backward stochastic evolution equations in Hilbert spaces 



In this section, we consider backward stochastic evolution equations in Hilbert spaces. The 
basic form of the main result (Proposition 13. 2[ ) in this section is first obtained by Hu-Peng [6j. 
However, they did not give any rigorous proof. In order to be self-contained, we provide here a 
proof of this result with details, and establish a estimate which did not appear in [UJ. 

Let V and H be two separable (real) Hilbert spaces such that V is densely embedded in H. 
We identify H with its dual space, and denote by V* the dual of V. Then we have V C H C V* . 
Denote by || • ||y, || • \\h and || ■ ||y* the norms of V, H and V* respectively, by (•, •) the inner 
product in H, and by (•, •) the duality product between V and V*. 

Consider three processes v,m and v* defined on x [0, T] with values in V,H and V* , 
respectively. Let v(ui,t) be measurable with respect to (u,t) and be immeasurable with respect 
to uj for a.e. t; for any rj E V the quantity (rj, v*(u,t)) is ^-measurable in uj for a.e. t and 
is measurable with respect to (uj,t). Assume that m(u,t) is strongly continuous in t and is 
^-measurable with respect to uj for any t, and is a local martingale. Let (m) be the increasing 
process for ||m||^ in the Doob-Meyer Decomposition (see e.g. p. 1240]). 

Proceeding identically to the proof of Theorem 3.2 in Krylov-Rozovskii [7J, we have the 
following result concerning Ito's formula, which is the backward version of [7J Thm. 3.2]. 

Lemma 3.1. Let ip E L 2 (Q,^t,H). Suppose that for every rj G V and almost every (uj,t) £ 
Ox [0,T], it holds that 

(rj, v(t)) = (rj, if) + J (rj, v* {s))ds + (rj, m(T) - m(t)). 

Then there exist a set Sl'cl! s.t. -P(fi') = 1 and a function h(t) with values in H such that 

(a) h(t) is ^t-measurable for any t € [0, T] and strongly continuous with respect to t for any 
uj, and h{t) = v(t) (in the space H) for a.s. (uj,t) el!x [0,T], and h(T) = ip for any uj E Q' ; 

(b) for any uj E 0' and any t E [0, T], 

\Ht)f H = M 2 H + 2 [ T (v(s),v*(s))ds + 2 [ T (h(s),dm(s))-(m) T + (m) t . 
Jt Jt 

Denote H® dl = {v = {v 1 , v 2 , . . . , v dl ) : v k E H,k = 1,2,...,^}. The norm in H® dl is 
defined by IMI^^ = Q2 k \\v k \\ 2 H ) 1/2 . 
Assume that linear operators 

£{uj,t) : V -» V*, M k (uj,t) : H — > V* , 

and functions tp(u), f(u, t) taking values in H and V* , respectively, are given for t E [0, T],uj £ Q. 
Denote M = (M 1 , M 2 , . . .,M dl ), then we define a linear operator Ai : H® dl — > V* as follows: 



k 



Consider the linear backward stochastic evolution equation (we use the summation conven- 
tion) 

u(t) = <p+ f [Cu(s)+Mv(s) + f(s)]ds-[ v k (s)dW k . (3.1) 
Jt Jt 
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Definition 3.1. An ^-adapted process (u, v) valued in V x H® dl is called a solution of equation 
flUD, if u G L 2 (n x (0,T),^,V) and v G L 2 (£l x (0,T), £P,H® dl ), such that for every 7? G V 
and a.e. (uj,t) G x [0, T], it holds that 

(V,u(t)) = (V,<P)+ I (V,£u{s) + Mv(s) + f(s))ds - [ T {r),v k (s))dW*. 



Remark 3.1. From Lemma 13.11 we know that a solution of equation (|3.ip . in the sense of 
Definition 13, 1[ always has a continuous version in H. 

Remark 3.2. When C is the infinitesimal generator of a Co-semigroup (so independent of 
(cj,t)), another notion of the solution of equation (|3.1|) . i.e. so-called the mild solution, is also 
studied in many literatures, see e.g. [51 [TUt H9]. 

Now we study the existence and uniqueness of the solution of equation f)3. 1 [) . We need the 
following 

Assumption 3.1. There exist two constants A, A > such that for any (uj,t) e!]x [0,T], 

2{x,Cx) + \\M*x\\ 2 Hmi <-\\\x\\ 2 v + K\\x\\ 2 H , 

||£x||y» < A||x||y, Vx G V, 

where A4* : V — » H® dl is the adjoint operator of M. The first inequality is called the coercivity 
condition (see e.g. [LI]). 

The main result of this section is the following 

Proposition 3.2. Let Assumption \3. 1\ be satisfied. Suppose that 

f G L 2 (Q x (O,T),0>,V*), if G L 2 (Q,^ T ,H). (3.3) 

Then equation (|3.ip fros a unique solution (u,v) in the space L 2 (J7 x (0, T), &,V x H® dl ) such 
that u G C([0,T], H) (a.s.), and moreover, 

E S up\\u(t)\\ 2 H +E [ T (\\u(t)\\ 2 v + \\v(t)\\ 2 Hmi )dt<c(E [ T \\f(t)\\ 2 v ,dt + Ey\\ 2 H ), (3.4) 

t<T Jo V JO J 

where the constant C = C(A, A, T). 

Proof. Step 1. Assume the existence of the solution of equation (|3.ip in the sense of Definition 
13.11 In view of Lemma [37T| we have u G C([0,T], H) (a.s.). Now we deduce estimate ([3. 41) . 

First we claim that Esup t<T |Ki)||# < 00. Indeed, note that u(lu,0) G H is J^o- m easurable, 
thus is deterministic. Define a sequence of stopping times as 

T n (u}) = inf{t; sup s < t \\u(u;,s)\\ H > n} A T. 

It is clear that r„ | T a.s.. Then applying Ito's formula to |Ki)||# and from Assumption 13.11 
we have 

IK* A r n )\\ 2 H =|K0)l|l " / [2(u(«), Cu{s)) + 2((A4 fe )*n( S ), /( S )) + 2<u(s), f(s)) 

Jo 

ftAT n 

- \\v(s)f Hmi ]ds + / 2(u(s),v k (s))dW k 
Jo 

<||«(0)||^ + C(A) ! T {\\u{s)\\l + \\v{s)\\ 2 Hmi + \\f(s)\\ 2 v *)ds 
Jo 

+ 2 / (u(s),v k (s))dW k . 
Jo 
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On the other hand, from the Burkholder-Davis-Gundy (BDG) inequality, we have 

1/2 



E 



sup 

t<T n 







< c 






. Jo 



(It 



(3.5) 



\<M)\\~ H ® dl dt. 



f (u(s),v k (s))dW k 
Jo 

< ]e sup \\u(t)\\ 2 H + CE /" 

4 t<T n JO 

Therefore, we have 

E sup \\u(t)\\ 2 H < 2\\u(0)\\h + C(A)E f {\\u(t)f v + \\v(t)f H ^ + \\f(t)\\v*)ds. 

t<T n JO 

Note that the constant C is independent of n. Passing n to infinity, we obtain that E sup 4<T \\u(t) < 



oo. 



Now using Ito's formula to once more and from Assumption 13. l\ we have 



K*)II 2 h 



T 



1+ / [2(u(s),Cu( S )) +2((M k )*u(s),v k (s)) + 2(u(s), f(s)) 



\v(s)\\ 



ds 



T 



2(u(s),v k (s))dW k 



<\\<p\\ 2 H + / [2(u(s),Cu(s)) + (l + e)\\M*u(s) 



+ 



T 



\v{s)f Hmi 

Hs)f Hmi + e\\u(s)\\ 2 v + -\\f( S )\\ 2 v ,]ds- f 2(u(s),v k (s))dW t k 

e Jt 

<IMl2r + [ [ - 2s(u(s),Cu(s)) + (1 + e)(-X\\u(s)\\ 2 v + A||uW|||r) 

-T^-JH^Wh^ +4<s)f v + -\\f(s)\\ 2 v ,]ds- f 2{u(s),v k (s))dW k 

<\M 2 H + jT {[2eA - A(l + e) + e]\\u(s)\\ 2 v + (1 + e)A||n( S )||| 
-TT7lK")lU +1||/( S )||^} C / S - f 2{u(s),v k {s))dW k . 
Taking e small enough such that 2eA — A(l + e) + e < 0, we have 

cT 



(u(s),v k (s))dW k 



\\<t)\\H + J [Ms)\\v + Ms)\\%»*Ad8 

< C(A,A)(|M|| + [ T [\\u(s)f H + \\f(s)\\ 2 v *]ds 



(3.6) 



Since Ssup i<T < oo, repeating (j3.5fl . we know that f Q (u(s), v k {s))dW k is a uniformly 

integrable martingale. Then taking expectation on the both sides of (|3.6p and from the Gronwall 
inequality, we have 

S upE\\u(t)\\ 2 H + E [ T [\\u(t)\\ v + \\v(t)\\ 2 H ® dl ]dt<Ce CT \EM 2 H + E F \\f(t)\\ 2 v *dt\. (3.7) 
t<T Jo L JO J 
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Recalling (|3.6p and from the BDG inequality, we get 

(■T 



E sup \\u(t)f H <C(X, A, T)\ M" H + [ [\\u(s)\\ 2 H + \\f(s)\\ 2 v ,]dt 
+ lEsup\\u(t)\\ 2 H + CE [ \\v(t)f H ® dl dt, 

z t<T JO 



and this along with (13. 7p yields estimate (|3.4p . 

Step 2. We use the Galerkin approximate to prove the existence. 

Fix a standard complete orthogonal basis {e^ : i = 1, 2, 3, . . . } in the space if which is also 
an orthogonal basis in the space V. 

Consider the following system of BSDEs in W 1 

f T r 

<(t) + / <ei»£(*)ejX00 + (ei,A^ fe (s)e i K i: (s) 

(3.8) 



+ (ei,f(s)) 



ds 



k 

s i 



with the unknown processes u l n and v l n = (v^, . . . , vf- 1 ) (i = 1, . . . ,n) taken values in M and 
respectively. It is clear that 

fT 

E(ei,ip) 2 < oo, £ / (ei,f(s)) 2 ds < oo. 
Thus system ()3.8[) has the unique continuous solution (see e.g. [12] ). Define 

n n 
Unit) = <(<) e i> u n(*) = U n(*) ei - 



Applying Ito's formula to ||ttn||/f an d from similar arguments as in Step 1, we have 
E sup \\u n (t)\\% + E [ (\\u n (t)\\l + \\v n (t)\\ 2 H ® dl )dt 



t<T 



<C(X,A)(^E £ \\f(t)\\ 2 v ,dt + EM 2 H y 



(3.9) 



This inequality implies that there exists a subsequence {n'} of {n} and a pair (u,v) G L 2 (f2 x 
(0 , T) , & , V x ) such that 

u n > -> it weakly in L 2 (S1 x (0, T), V), 
u n / -> v weakly in L 2 (Q x (0,T), @>,H mi ). 

Let £ be an arbitrary bounded random variable on (Q, J£") and ip be an arbitrary bounded 
measurable function on [0, T\. 

From equation (|3.8p . for n G N* and ej G {e^}, where z < n, we have 



^(t)(e l ,u n ,(t))dt = E £if>(t)Uei,<p) + 



ds 



{e h £.u n ,(s)) + (ei,7W fc ^,(s)) 



+ <*,/(*)> 



T 



(ei,^(a))^ fc k 
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Evidently, we have 



E 



^(t)(e l ,u n >(t))dt^ E [ ^{t){e h u{t))dt. 

Jo 



In view of the second condition of Assumption 13.11 and estimate (|3.9p , we get 

cT 



E 



£,{ei,Cu n i{s))ds 



< C < oo, 



where the constant C is independent of n' . It is also clear that 

E f £{ei,£un'(s))ds -» E [ £u(s))ds, Vie[0,T]. 
Jt Jt 

Hence from Fubini's Theorem and Lebesgue's Dominated Convergence Theorem, we 

f T f T f T f T 

E / £ip{t) / (e-i, Cu n i{s))dsdt = I ip(t)E / £(ej, Cu n i{s))dsdt, 

Jo Jt Jo Jt 



if>(t)E / f(ei, Cu(s))dsdt. 



Similarly, we have 



o 



El £ip(t) I {e i ,M k v k ri ,{s))dsdt^ E I &(t) I {e u M k v k {s))dsdt 



o 



lk„.k i 



From the second condition of Assumption 13.11 and estimate (|3.9|) , we have 



E 



< C < co, 



£ J (e u v k ,(s))dW k 

where the constant C is independent of n' . Since 

fo.t&CO) - (ei,v k (-)) weakly in L 2 (0,T), 
From a known result (see [HI p. 63, Thm. 4]), we have that for every t € [0, T], 

/ (ei,v k ,(s))dW k -> / (ei,/(s))(l^ weakly in L 2 (ft, J? T , M). 
Hence, using Lebesgue's Dominated Convergence Theorem, we have 

e\ Cm [ {e l ,v k n ,(s))dW k dt^E [ &(t) f {e t ,v k {s))dW k dt. 
Jo Jt Jo Jt 

To sum up, we obtain that for a.e. (u),t) E SI x [0, T], 

(e i ,u(t)) = (e i ,<p)+ [ T (ei,£u(s) + Mv(s) + f(s))ds - F (a, v k (s))dW k . 
Jt Jt 

Thus the existence is proved and our proof is complete. 
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Proof of Theorem \2.1\ In order to apply Proposition 13.21 we set 

H = L 2 (R d ) = H°, V = H 1 , V* = H~ 1 , 
and for any u G H 1 , v G H° , define 

Cu = Di(a ij Dju) + tfDiU - cu, 

» -i t ( 3 - 10 ) 

M k v = Di{<j lk v) + u k v. 
The inner product in H (and the duality product between V and V*) is defined by 

(u, v) = / u(x)v(x)dx. 



It is clear that (Ai k )*(t)u = a tk DiU + v k u for u G iT 1 . From Assumption 12.21 and Green's 
formula, we have that for any u G H 1 , 

2{u,£u) + \\M*u\\ 2 H 

= 2 [- a ij DiuDjU + tfuDiU - c\u\ 2 ] dx + S^ \cr ik DiU + v k u ] \dx 
< - I (2a ij -o- lk o- k i)D i uD j udx + -\\u\\l + C(k,K)\\u\\ 2 

JR d ' 2 



< -~\\u\\1 + C(k,K)\\u\\1 
Moreover, for any u,v G H 1 , we have 

(Cu, v) = / ( — a^DiuDjv + VvDiU — cuv)dx 
< C(A-)H|i|Mli, 

which implies that ||jCit||_i < C(if)||«||i. Then Theorem 12.11 follows from Proposition 13.21 The 
proof is complete. □ 

4 Proof of Theorem [23] 

First we study the equations with the coefficients a and a independent of the variable x. 

Proposition 4.1. Let Assumptions \2. il and \2.2\ be satisfied with the functions a, a independent 
of x. Suppose Fel°ie L 2 (0, J^il 1 ). Then equation (TO]) has a unique strong solution 
(p,q) in the space H 2 x H 1 such that p G C([0, T],H ) (a.s.), and moreover, 

III V III! + III g III? +£sup \\p(t, -)|| 2 < C(«,ir,T)( III F (I) 2 +£|H| 2 ). (4.1) 

t<T 



Proof. Step 1. In this step we assume, in addition, that b = 0, c = 0, v = 0. Then equation (jl.2p 
has the following simple form 

dp = - [a ij {t)D ijP + a ik {t)D iq k + F]dt + p| t=T = 0. (4.2) 
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In order to apply Proposition 13,21 we set 

H = H\ V = H 2 , V* = H°, 

C(t) = a i 1(t)D ij , M k (t) = a ik (t)D i . 

The inner product in H (and the duality product between V and V*) is defined by 

d 

(u, v ) = / u(x)v( 



){x)dx + y / Diu(x)Div(x)da 



It is clear that J\4*(t) = a l (t)Di. From Green's formula and the super-parabolic condition (see 
Assumption I2.2|) . for any u G H 2 , we have 

2(u,£u) + \\M*uf H 

= -2 [ a ij (t)D i u(x)D j u(x)dx-2J2 [ a ij (t)D il u(x)D jl u(x)dx 

jR d l=l JR d 

+ / \a(t)Du(x)\ 2 dx + V / \a(t)Du x i(x)\ 2 dx 

JR d l=1 JR d 



< - K 



I \Du(x)\ 2 dx + Y] I \Du x i{x)\ 2 dx 

jR d JZ[ JR d 



< — k\\u\\ 2 + 

Moreover, it is clear that ||>Cu||o < C(K) \\u\\2- Thus condition (|3.2|) is satisfied. Then from 
Proposition 13.21 there exists a unique function pair (p, q) € M 2 x H 1 s.t. p G C([0, T], H 1 ) (a.s.), 
satisfying the equation 



P(t, •) = </>(•) 



+ f T [Cp( s ,.)+Mq( S ,-)+F(s,-)]dt- f T q k (s,-)dW t k , 
Jt Jo 



in the sense of Definition 13-H which means that the above equation holds in the space L 2 for 
any t G [0, T] and a.e. oj G SI, and furthermore, the pair (p, q) is the strong solution of equation 

(BSD- 
It is clear that a strong solution of equation (|4.2|) is actually a weak solution of equation (|4.2|) 
(in the sense of Definition 12.11 (i)). Therefore, the uniqueness of the strong solution is implied 
by the uniqueness of the weak solution. 

Step 2. Now we remove the additional assumption made in Step 1. 

Since the functions a and a are independent of x, we can rewrite equation (jl.2p into diver- 
gence form like (j 1 . 1 j) . In view of Theorem 12. 1\ equation (|1.2|) has a unique weak solution (p, q) 
in the space H 1 xl° Consider the following 

du = -(a ij D ljU + a ik D iV k + F)dt + v k dW t k , 

where F = b r D; L p — cp + v k q k + F belongs to H°. From the result in Step 1, the above equation 
has a unique solution (u,v) in the space H 2 x H 1 such that u G C([0,T], H 1 ) (a.s.) and it, v 
satisfy estimate ()4. 1|) . By the uniqueness of the weak solution, we have that p = u and q = v. 
The proof is complete. □ 
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Next, we prove a perturbation result. 

Lemma 4.2. Let Assumptions POl and \2.2\ be satisfied with b = 0,c = 0, v = 0. Assume that 
for a constant 5 > and for any (u, t, x) we have 

\a(t,x) - a (t)\ < 5, \a(t,x) - a (t)\ < 5, (4.3) 

where aa(i) and ao(t) are some functions of (t,u) satisfying A s sumption 1 2. 1\ and \2.2\ Suppose 
F G H°, (f) G L 2 (Q,^ T ,H l ). 

Under the above assumptions, we assert that there exists a constant 5(k,K,T) > such that 
if $ < S(k,K,T), then equation (|1.2|) has a unique strong solution (p,q) in the space M 2 x H 1 
such that p G C([Q,T], H 1 ) (a.s.) and moreover, 

III P III! + III Q III? +£sup \\p(t, -)||? < C( S ^,T)( HI F ||| 2 +£||c/>|| 2 ). (4.4) 

t<T 

Proof. In view of Proposition l4.lt we know that for any (u,v) G H 2 x H , the equation 

' dp = - [aj J 'AiP + <Ag fc + {a ij - a^)D ijU 

+ (a ik -a ik )D iV k +F]dt + q k dW t k , (4.5) 
^ p(T,x) = <p(x), xeR d 

has a unique solution (p,q) G H 2 x H 1 such that p G C([0,T], H 1 ) (a.s.). By denoting (p,q) = 
T(u,v), we define a linear operator 

T : tfxi 1 -> M 2 x H 1 . 

Then from estimate (|4.ip . we can easily obtain that for any (v,i,Vi) G H 2 x EI , i = 1, 2, 

||r(Mi - 142,^1 - U2)||1,1 < C5||(«l - U 2 ,Ul - "2)111,1, ( 4 - 6 ) 

where we denote 

ll(«,")lll,i = IIMIII + III Hlli- 

Taking 5 = {2C)~ l = (2C(n, K, T)) -1 , we have that the operator T is a contraction in tfxi 1 , 
which implies the existence of the solution of equation (|1.2|) in the space H 2 x H 1 . 
Next, applying estimate (|4.1|) to equation (|4.5|) . we have 

H(p,</)lH,i < cswMWi! + c[ in f \\\l K +E\\m K ). 

Taking 5 = (2(7) , we obtain the required estimate, which also implies the uniqueness. □ 

Now we prove a priori estimate for the strong solution of equation (jl.2p . 

Lemma 4.3. Let the conditions of Theorem \2.2\ be satisfied. In addition, assume that the 
function pair (p, q) G H 2 x H 1 is a strong solution of equation (|1.2p . Then there exists a 
constant C depending only on K, k, T and the function 7 such that 

III P llll + III Q III? +Esup \\p(t, OH? < C( HI F [I] 2 +E\\d>\\l). (4.7) 

t<T 
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Proof. Step 1. In view of the definition of the strong solution (Definition [27T]) , we know that the 
process p(t, •) is an L 2 -valued semimartingale. Then applying Ito's formula for Hilbert- valued 
semimartingales (see e.g. J3X p. 105]), we have 

I|p(0,-)||o =Wo + 2 [ T [ p[a ij D ij p + b i D i p-cp + a lk D i q k +u k q k +F]dxdt 
Jo JR d 

t r T r 



\\q(t,-)\\tdt-2 / / pq k dxdW k t . 
J JR d 

Taking expectations and from the Cauchy-Schwarz inequality, we have 

III? Mo < E\\<j)\\l + 2E i' T ( p[a t W ij p + b i D i p-cp + o- ik D l q k + v k q k + F]dxdt 

JO JfL d 

< EU\\l + e(\\\p ||| 2 + HI q HI? ) + C(e, K) \\\ p ||| 2 + ||| F||| 2 , 



(4.8) 



where e is a small positive number to be specified later. 

Step 2. In view of Assumption 12.31 we can take a small p such that for any (to, t) and 
x,y G M d , 

\a{t,x)-a(t,y)\<5, \a(t,x) - a(t,y)\ < 5 (4.9) 



if \x — y\ < 4p, where 5 = 5(k, K, T) is taken from Lemma 14.21 

Denote B r (z) = {x G M. d : \x — z\ < r}. Then take a nonnegative function £ G Cq°(]R c( ) such 
that supp(C) C ^2p(0), C( x ) = 1 f° r l x l — P- For any z G M d , define 

C z (x) = C(x - z), p z (t,x)=p(t,x)( z (x), q z (t,x)=q(t,x)( z (x). (4.10) 

In addition, define r) z (x) = C(^3p)- It is n °t hard to check that the functions p z ,q z satisfy the 
equation (in the sense of Definition 12.11 (ii)) 

dp z = -(a ij D ijP z + a ik D iq z ' k + F)dt + q z ' k dW t k , (4.11) 

where (observe that p z = 0, q z = whenever rf ^ 1) 

a^,x) = a^(t,x)r/ z (x) +a ij {t,z)(l -r) z {x)), 
a lk (t,x) = a ik (t,x)r ] z (x)+a ik (t,z)(l-r ] z (x)), 
F(t,x) = (F( z )(t,x) + (bX z -2a i W j C)D i p(t,x) 

- (c( z + a^D l3 C)p{t,x) + {v k C - a^D^^x). 

The choice of p shows that a and a satisfy condition (14. 3p with ao(t) = a(t, z) and o~o(t) = o~(t, z). 
bmce (p,q) G H 2 x H 1 , it is easy to see that F G H . Therefore, from Lemma 14.21 equation 
(|4.1ip has a unique solution (it, v) in the space H 2 x M . From the uniqueness of the solution, 
we know that p z = u and g z = t>. Note that supp(p z ), supp(g 2 ) C B2 P {z). From estimate (|4.4p . 
we get 



e J Q [\\p(t, oill^ w + lk(t, OIlUwl* + 11^' OHUw 

< 4^11^11 + E / T Ol^OHS^w + llp^Ollf^w + \Wr)\\l, B2p{z) ]dt 
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where we denote by |j • || nj s r ( z ) the norm of H n (B r (z)). Integrating this inequality with respect 
to all z G M. d , we obtain that 

lib llll + III Q III? +£sup ||p(t, Oil? < C( III F \\\l +EU\\\ + |||p HI? + HI q \\\ 2 ), 

t<T 

where the constant C depends only on K, k, T and 7. Recalling inequality (j4.8j) and taking e 
small enough (for instant, e = (2C) _1 ), we have 

III P III! + III 9 III? +£sup ||p(t, -)||? < C( HI F +E\\<p\\l + \\\p \\\\). (4.12) 

t<T 

Observe that the above estimate also holds if we replace the initial time zero by any s € [0, T), 
which means 

E\\p(s, OH? <c(\\\F \\\l +EWW1 + E jT ||p(t, 0||?dt) , 
and this along with the Gronwall inequality yields that 

II|P|||?= / T ^( S ,0ll?<C e CT (|||F|||2 + F||^||?). 
j 

Recalling (|4.12[) . the proof is complete. □ 

Proof of Theorem \2.2[ The uniqueness of the strong solution of equation (jl.2p is implied by 
estimate (|4.7|) . We shall use the method of continuity to prove the existence. 
Define 

Co = a ij (t, 0)Aj + &*(*, x)D t - c(t, x), M k = a ik (t, 0) A + u k (t, x), 
£1 = a ij (t,x)Dij + b i (t,x)D i -c{t,x), Mi = a ik {t,x)Di + iJ k (t,x). 

For each A G [0, 1], set 

C x = (1 - X)C + AA, = (1 - A)A<g + AMj. 

Consider the following equation 

dp = -(£ A p + ^9* + J , )cft + <7*dW^ > p| t=r = ^. (4-13) 

Observe that the coefficients of equation (|4.13p satisfy the conditions of Theorem 12.21 with the 
same K, k and 7. Hence a priori estimate fj4.7j) holds for equation (|4.13p for each AG [0,1] with 
the same constant C (i.e., independent of A). 

Assume that for a A = Ao G [0, 1], equation (|4.13j) is solvable, i.e., it has a unique solution 
(j), q) G H 2 x H 1 for any F G H° and any <f> G L 2 (Q, J?t, H 1 ). For other A G [0, 1], we can rewrite 
(|4T3l) as 

dp = -{C Xo p + M\ o q k + (A - Ao) [(£1 - C )p + (Mi - M k )q k ] + F}dt + q k dW k . 
Thus for any (u,v) G H 2 x H 1 , the equation 

dp = -{C XoP + M\ Q q k + (A - Ao) [(£1 - C Q )u + (M k i - M k )v k ] + F}dt + v k dW k 
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with the terminal condition p\t=T = 4> nas a unique solution (p,q) G H 2 x H . By denoting 
T(u,v) = (p,q), we define a linear operator 

T : rfxl 1 — > H 2 x H 1 . 

Then from estimate (|4.7p . we can easily obtain that for any (ui,Vi) G H 2 xl , i = 1, 2, 

HlXm-uz.vi-va)!!^ < C|A-A |||(«i-«2,ui-7; 2 )||| l5 (4.14) 

where we denote 

= III" llli + III « llli- 

Recall that the constant C in (j4.14j) is independent of A. Set = (2C) . Then the operator is 
contraction in H 2 x H 1 as long as |A — Ao| < 0, which implies that equation (|4.13j) is solvable if 
|A- A | < 9. 

The solvability of equation (14.130 for A = has been given by Proposition 14.11 Starting from 
A = 0, one can reach A = 1 in finite steps, and this finishes the proof of solvability of equation 

The assertion that p G C([0,T],L 2 ) n L°°([0, T], H 1 ) (a.s.) easily follows from Lemma 13.11 
and estimate (|4.7p . The proof of Theorem 12.21 is complete. □ 



5 An application: a comparison theorem 

It is well-known that the comparison theorem plays an important role in the theory of PDEs and 
BSDEs. Thus a comparison theorem for BSPDEs is reasonably supposed to be equally important 
in the research of BSPDEs. Ma-Yong |9j obtains some comparison theorems for strong solutions 
of BSPDEs by using Ito's formula, and discuss some potential applications. In this section, we 
deduce a comparison theorem for the strong solution of equation (II. 2D based on the results in 
[9] while under much weaker conditions. 

Our main result in this section is the following 

Theorem 5.1. Let the conditions of Theorem \2.S\ be satisfied. Suppose for any (u>, t), F(t, •) > 
and <fi>0. Then p(t, •) > a.s. for every t G [0, T]. 

The proof of the above theorem needs the following lemma. In what follows, we denote 
a~ = -(a AO) for a G R. 

Lemma 5.2. Let the conditions of Theorem \2.2\ be satisfied. In addition, assume that the 
functions Da 1 ^ and Da lk are bounded (by a constant L). Let (p,q) be the strong solution of 
equation (11.20 . Then for some constant C, 



eI \p(t,xy] 2 dx < e c(T - l) \E [ [cf)(x)-] 2 dx + E [ [ [F(s, xy\ 2 dxds\. (5.1) 

jR d I JR d Jt JR d J 



Proof. Define a function h(r) : M. — > [0, oo) as follows: 

h(r) 



r , r < — 1, 



(6r 3 + 8r 4 + 3r 5 ) 2 , -1 < r < 0, (5.2) 
0, r > 0. 
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One can directly check that h is C 2 and 

h(0) = h'(0) = h"(0) = 0, h(-l) = 1, h'(-l) = -2, ti'(-l) = 2. 
For any e > 0, let h e (r) = e 2 h(r/e). The function h has the following properties: 
lim h £ (r) = (r - ) 2 , lim h' (r) = — 2r~, uniformly; 

|/i"(r)l < C, Ve > 0,r € M; lim /i"(r) = J 2 ' T < °' 
1 eWI ~ ' £-0 £U I 0, r>0. 

Since -Da lJ and are bounded, equation (jl.2p can be written into divergence form. Then 
applying Ito's formula for Hilbert-valued semimartingales (see e.g. [3j p. 105]) to h e (p(t, •)), and 
from Green's formula, we obtain that 

E h £ (<fi(x))dx — El h e (p(t,x))dx 

JR d jR d 
rT 



= E I I I- h'MDii^Djp + a ik q k ) - h' £ {p) [(&* - D ja ^)D iP 

Jt JR d I 

- cp + (u k - D i( r ik )q k +F]+ ~h!^p)\q\ 2 \dxdt 
= E [ T [ { \ti>{p) (2a^D lP D 3 p + 2a ik q k D i p + \q\ 2 ) 

Jt JR d I z 

- h' e {p) [{b l - D ja ij )D lP -cp+ {v k - Di<j ik )q k + F] ^dxdt. 

Let e — > and from Lebesgue's Dominated Convergence Theorem, we have 

E [ [4>(x)-} 2 dx - E [ [(p(t,x)-] 2 dx 
Jm. d Jw d 

= E I I X{ P <0} { {2a ij D lP D jP + 2a ik q k D iP + \q\ 2 ) 
Jt JR d I 

- 2p[(b l - D ja ij )D iP -cp+ (v k - Di<j ik )q k + F] ^dxdt. 



Since 



2a ij D iP D jP + 2<j lk q k Dip + \q\ 2 > 2a i W l pDjp - (1 + D iP \ 2 + j^M 2 

> [-25K + (1 + 5)k]\D P \ 2 + -^-r\q\ 2 , 

l + o 

-p[(6 j - D j ^)D i p-cp+(u h - D i( r ik )q k ] > -S^Dp] 2 + |g| 2 ) - C(K, L)8? \p\ 2 . 
Taking 5 and 5i small enoug h (such that o"i = mm{-25K + (1 + <S)re, -p^} > 0), we have 

E [ [<t>{xy] 2 dx - E [ [(p(t,x)~] 2 dx 

JR d JR d 

> E I I X{ P <o} [ ~ C(k, K, L) \p\ 2 - 2pF] dxdt 

Jt JR d 

>E I [ [-C\K,K,L)\p-\ 2 - 2p~ F~]dxdt 

Jt JR d 

>E f [ [-C(k,K,L)\ P -\ 2 -\F-\ 2 ]dxdt, 

Jt JR d 
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and this along with the Gronwall inequality implies inequality (|5,ip . □ 

Proof of Theorem \5.1[ Fix a nonnegative function £ £ Co°(R d ) such that supp£ C -£>i(0), L d £ = 
1. Define Cn{x) = n d C(nx). For ip = a^,a tk , we define 

(p n (u,t,x) = (<p*( n )(uj,t,x) = / (p(u,t,x-y)( n (y)dy. 

JR d 

It is clear that ip n (u),t, •) G C°°(]R rf ) for any (u>,t,x). Moreover, we have that \ip n \ < K and for 
any (u,t,x), 



\Dtp n (uj,t,x)\ 



(p(u,t,x- y)D( n (y)dy 



< C{n)K. 



It is not hard to check that a n and a n satisfy Assumption 12.31 Indeed, for any (u>, t) and 
x, y € M. d , we have 



\<p n (u),t,x) - <p n (u,t,y)\ < / \<p(u,t,x - z) - <p(u,t,y - z)\( n (z)dz < -y(\x - y\). 

We also claim that as n —* oo, 

y n (^i — ^ y(tj, i, x), uniformly w.r.t. (u,t,x). (5-3) 
Indeed, for any (u, t, x) e n x [0, T] x M d , we have 

|y? n (o;,t,s) - cp(u,t,x)\ = / |<p(u;,t,:E - y) - <p(u,t,x)\( n (y)dy 



< / l{\y\)(n(y)dy < 7 (l/n) 0, 

%|<l/n 

as n — > 0, and this proves our claim. 

Furthermore, one can easily check that a n and o~ n satisfy the super-parabolic condition (with 
re/2 and 2i*T) when n is large enough. 

Therefore, in view Theorem 12.21 the following equation (for each n) 



-T 



dp n = -(a%D ijPn + PDiPn - c Pn + a ik D iq k + v k ' q k + F)dt + g£cMf, p n | t= 
has a unique strong solution (p n ,q n ) £i 2 x H 1 , such that 

III III! + III q n III? +^«up \\ Pn (t, .)||? < C( III F +£|H|?), (5.4) 

where the constant C depends only on K,k,T and the function 7, but is independent of n. It 
is easy to check that the function pair (p — p n ,Q — Qn) satisfies the following equation 

du = -(a ij D ijU + VDm -cu + a ik D iV k + v k v k + F n )dt + v k dW t k , u\ t=T = (5.5) 
with the unknown functions u and v, where 

F n = (o« - 4)D l]Pn + (<r ifc - < fe )A<& 
In view of (|5.3p and (|5.4|) . we have 

lll-^nlllo — ► 0, as n — > 00, 
18 



and this along with estimate (|2,5p implies that 

Pn —> P, strongly in H . 

On the other hand, it follows from Lemma 15.21 that p n (t, •) > a.s. for every t € [0,T]. Hence 
we get p(t, •) > a.s. for every t G [0, T]. The proof is complete. □ 

Acknowledgements It is our great pleasure to thank Professor Shanjian Tang for constructive 
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